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INTERPOLATION OF COMPACT LIPSCHITZ OPERATORS
MICHAEL CWIKEL, ALON IVTSAN AND EITAN TADMOR
Abstrat. Let (A0, A1) and (B0, B1) be Banah ouples suh that A0 ⊂ A1
and (B0, B1) satises Arne Persson's approximation ondition (H). Let T :
A1 → B1 be a possibly nonlinear Lipshitz mapping whih also maps A0 into
B0 and satises the quantitative ompatnesss ondition Ta ∈ ‖a‖A0 K for
eah a ∈ A0, where K is a xed ompat subset of B0. We show that T maps
(A0, A1)θ,p ompatly into (B0, B1)θ,p for eah θ ∈ (0, 1) and p ∈ [1,∞].
This paper an be onsidered as a sequel to [6℄. Sine the introdution to [6℄
provides exatly the bakground and referenes whih are relevant here, we shall
mostly avoid repetition and request the reader to be familiar with the rst three
pages of that paper. However it will be onvenient here to restate the following
result whih appeared as Theorem 2 on p. 2 of [6℄.
Theorem 1. Let (A0, A1) and (B0, B1) be Banah ouples. Suppose that A0 ⊂ A1.
Let T be a (possibly nonlinear) map of A1 into B1 whih satises the following two
properties:
(1) T (A0) ⊂ B0 and ‖T (a)‖B0 ≤ C0 ‖a‖A0 for eah a ∈ A0 ,
and
(2) ‖Ta− Ta′‖B1 ≤ C1 ‖a− a
′‖A1 for all a, a
′ ∈ A1 .
where C0 and C1 are positive onstants.
Then T maps the spae (A0, A1)θ,p boundedly into (B0, B1)θ,p for eah θ ∈ (0, 1)
and p ∈ [1,∞], and satises the estimate
(3) ‖Ta‖(B0,B1)θ,p
≤ C1−θ0 C
θ
1 ‖a‖(A0,A1)θ,p
for all a ∈ (A0, A1)θ,p .
Two paragraphs after stating this theorem we posed a question regarding in-
terpolation of ompatness properties of T and later showed that the answer to it
is negative. But now, in the present paper, we will obtain an armative answer
to a variant of that question. Following in the footsteps of Arne Persson [11℄, we
will only onsider Banah ouples (B0, B1) whih satisfy a ertain approximation
ondition whih will be realled below. Then, if instead of merely requiring T to
map A0 into B0 ompatly (i.e., to map bounded subsets of A0 to relatively om-
pat subsets of B0), we require this map to be ompat in a more quantitative
or uniform sense, also to be speied below, this sues to ensure that T maps
(A0, A1)θ,p ompatly into (B0, B1)θ,p for eah θ ∈ (0, 1) and eah p ∈ [1,∞].
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Theorem 1 is well known and is a simple speial ase of various more elaborate
results due to Jaques-Louis Lions [8℄, Jaak Peetre [10℄ and Lu Tartar [12℄. For
the reader's onveniene we reall its very simple and short proof. Given a ∈ A1 =
A0 +A1 and t > 0 and ε > 0, we hoose a deomposition a = a0 + a1 suh that
‖a0‖A0 +
tC1
C0
‖a1‖A1 ≤ (1 + ε)K
(
tC1
C0
, a;A0, A1
)
.
Then Ta = Ta− Ta0 + Ta0 and
K(t, T a;B0, B1) ≤ ‖Ta‖B0 + t ‖Ta− Ta0‖B1
≤ C0 ‖a0‖A0 + tC1 ‖a− a0‖A1
= C0
(
‖a0‖A0 +
tC1
C0
‖a1‖
)
≤ C0(1 + ε)K
(
tC1
C0
, a;A0, A1
)
and this immediately implies that
(4) K(t, T a;B0, B1) ≤ C0K
(
tC1
C0
, a;A0, A1
)
.
Exatly as in the lassial ase of linear operators, the estimate (3) and the
inlusion T
(
(A0, A1)θ,p
)
⊂ (B0, B1)θ,p are obvious and trivial onsequenes of (4),
espeially after we observe that (4) is equivalent to
t−θK(t, T a;B0, B1) ≤ C
1−θ
0 C
θ
1
(
tC1
C0
)−θ
K
(
tC1
C0
, a;A0, A1
)
.

In the work of Persson, and also in many subsequent papers, for example, [4℄ and
[2℄, it was shown that ompatness results for the speial ase where the range
ouple (B0, B1) satises B0 = B1 an be the rst step towards obtaining orre-
sponding ompatness results for more general ouples (B0, B1). The prototype
of these results for the ase B0 = B1 is a lassial result of Jaques-Louis Lions
and Jaak Peetre, often referred to as the LionsPeetre Lemma. It appears as
Théorème 2.2 on p. 37 of [9℄. It is remarked in [9℄ that similar ideas about om-
patness appear in the work [7℄ of Emilio Gagliardo. Here too, a variant of the
LionsPeetre Lemma will be an important ingredient for us. We present it as the
following lemma. Its proof is quite similar to the one for linear operators in [9℄.
Another quite similar result, for the ase where T : A0 → B0 is also Lipshitz and
where A0 is not neessarily ontained in A1, is due to Fernando Cobos and appears
as part (i) of Theorem 2.1 on p. 274 of his paper [2℄.
Lemma 2. Suppose that the Banah ouples (A0, A1) and (B0, B1) and the map
T : A1 → B1 satisfy all the hypotheses of Theorem 1. Suppose, furthermore, that
T maps every bounded subset of A0 to a relatively ompat subset of B0. Then, for
eah θ ∈ (0, 1), and eah p ∈ [1,∞], T maps every bounded subset of (A0, A1)θ,p to
a relatively ompat subset of B0 + B1.
In partiular, if B0 = B1, then T maps every bounded subset of (A0, A1)θ,p to a
relatively ompat subset of B0.
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Proof. Suppose that {an}n∈N is an arbitrary bounded sequene in (A0, A1)θ,p.
Then it is also a bounded sequene in (A0, A1)θ,∞. So, for eah m ∈ Z, and some
onstant C2 we an write an = un(m) + vn(m) where
‖un(m)‖A0 + 2
m ‖vn(m)‖A1 ≤ C22
θm .
Then
‖Tun(m)‖B0 + 2
m ‖Tan − Tun(m)‖B1
≤ max {C0, C1}
(
‖un(m)‖A0 + 2
m ‖an − un(m)‖A1
)
≤ C3 · 2
θm.
Thus we have
(5) ‖Tan − Tun(m)‖B1 ≤ C3 · 2
−(1−θ)m.
We an suppose, by passing to subsequenes and using Cantor diagonalization,
that, for eah xed m ∈ Z, the sequene {Tun(m)}n∈N onverges in B0 norm, as n
tends to ∞, to some element in B0 depending on m. More relevantly for us, this
means that
(6) ‖Tun(m)− Tuk(m)‖B0 ≤ ρ(m,n, k),
where limn,k→∞ ρ(m,n, k) = 0 for eah xed m. (The rate of onvergene here may
depend on m.)
For eah n and k in N we have
Tan − Tak = (Tan − Tun(m)) + (Tun(m)− Tuk(m)) + (Tuk(m)− Tak).
So
(7)
‖Tan − Tak‖B0+B1
≤ ‖Tan − Tun(m)‖B1 + ‖Tun(m)− Tuk(m)‖B0 + ‖Tuk(m)− Tak‖B1
≤ C3 · 2
−(1−θ)m + ρ(m,n, k) + C3 · 2
−(1−θ)m.
Given any ε > 0, there exists m = m(ε) for whih 2 · C3 · 2
−(1−θ)m < ε/2. Then,
for this hoie of m, there exists N = N(ε) suh that ρ(m,n, k) < ε/2 for all
n, k ≥ N(ε). Thus we dedue from (7) that ‖Tan − Tak‖B0+B1 < ε whenever
n, k ≥ N(ε) and the proof is omplete. 
Let us reall the ondition (H) on Banah ouples (B0, B1) whih was intro-
dued by Arne Persson in [11℄. The following formulation of it looks very slightly
dierent but is obviously equivalent.
(H) For eah ompat subset K of B0, there exists a positive onstant c(K) and
a set D(K) of linear operators P : B0 +B1 → B0 ∩B1 whih satisfy
‖Pb‖Bj ≤ c(K)‖b‖Bj for eah b ∈ Bj and j = 0, 1 .
Furthermore, for eah ε > 0, there exists Pε ∈ D(K) suh that
‖Pεb− b‖B0 < ε for eah b ∈ K .
Remark 3. Many Banah ouples whih our in appliations satisfy ondition (H).
For example, essentially the same arguments as on pp. 217219 of [11℄ show that
the ouple (Lp0 , Lp1) on an arbitrary underlying measure spae satises ondition
(H) for all p0 ∈ [1,∞) and p1 ∈ [1,∞], and that if the measure spae is nite, then
this also holds when p0 =∞.
Here is our main result. Its proof is a natural extension of the proof of the
theorem on p. 217 of [11℄.
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Theorem 4. Suppose that the Banah ouples (A0, A1) and (B0, B1) and the map
T : A1 → B1 satisfy all the hypotheses of Theorem 1. Suppose, furthermore, that
the ouple (B0, B1) has Arne Persson's property (H) and that there exists some
ompat subset K of B0 for whih
(8) Ta ∈ ‖a‖A0 K for eah a ∈ A0 .
Then T maps every bounded subset of (A0, A1)θ,p to a relatively ompat subset of
(B0, B1)θ,p for eah θ ∈ (0, 1) and eah p ∈ [1,∞].
Proof. The ondition (8) ensures that every non zero element a ∈ A0 satises
1
‖a‖A0
Ta ∈ K. So, for eah ε > 0, Persson's property provides us with a linear
operator Pε ∈ D(K) suh that
(9)
∥∥∥∥Pε
(
1
‖a‖A0
Ta
)
−
1
‖a‖A0
Ta
∥∥∥∥
B0
< ε .
We shall show that the map PεT −T satises all the onditions of Theorem 1 with
C0 and C1 replaed by ertain other onstants:
Sine Pε is linear, the ondition (9) implies that ‖ (PεT − T )a‖B0 ≤ ε‖a‖A0
holds for eah non zero a ∈ A0. This estimate also holds for a = 0, sine T 0 = 0
(by (8) or (1)).
Eah pair of elements a, a′ ∈ A1 satises
‖ (PεT − T )a
′ − (PεT − T )a‖B1 ≤ ‖Pε (Ta
′ − Ta) ‖B1 + ‖Ta
′ − Ta‖B1
≤ (c (K) + 1) ‖Ta′ − Ta‖B1
≤ C1 (c (K) + 1) ‖a
′ − a‖A1 .
The preeding estimates enable us to apply Theorem 1 with C0 and C1 replaed
by ε and C1(c(K) + 1) to obtain that
(10)
‖ (PεT − T )a‖(B0,B1)θ,p ≤ ε
1−θ (C1 (c (K) + 1))
θ
‖a‖(A0,A1)θ,p for all a ∈ (A0, A1)θ,p .
Our next step is to apply Lemma 2 to the map PεT , but with the ouple (B0, B1)
replaed by
(
(B0, B1)θ,p , (B0, B1)θ,p
)
. As pointed out by Persson, the Closed
Graph Theorem ensures that Pε is a bounded map from Bj to B0 ∩ B1 for j =
0, 1. Therefore Pε : Bj → (B0, B1)θ,p is also bounded and we have PεT (Aj) ⊂
(B0, B1)θ,p.
Eah element a ∈ A0 satises
‖PεTa‖(B0,B1)θ,p ≤ ‖Pε‖B0→(B0,B1)θ,p
‖Ta‖B0 ≤ C0 ‖Pε‖B0→(B0,B1)θ,p
‖a‖A0
and eah pair of elements a, a′ ∈ A1 satises
‖PεTa
′ − PεTa‖(B0,B1)θ,p
≤ ‖Pε‖B1→(B0,B1)θ,p
‖Ta′ − Ta‖B1 ≤ C1 ‖Pε‖B1→(B0,B1)θ,p
‖a′ − a‖A1 .
Let M be a bounded subset of A0. T maps M to a relatively ompat subset
of B0, and thus PεT maps M to a relatively ompat subset of (B0, B1)θ,p sine
Pε : B0 → (B0, B1)θ,p is ontinuous.
In view of all these properties of PεT , we an apply the last part of the statement
of Lemma 2 to obtain that PεT maps eah bounded subset of (A0, A1)θ,p to a
relatively ompat subset of (B0, B1)θ,p.
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For the nal step of the proof we let M be an arbitrary bounded subset of
(A0, A1)θ,p. We have to show that T (M) is relatively ompat in (B0, B1)θ,p. In
fat we will show that it is totally bounded in (B0, B1)θ,p.
Let ε be an arbitrary positive number and hoose ε0 > 0 suh that
ε1−θ0 (C1 (C (K) + 1))
θ ‖a‖(A0,A1)θ,p <
ε
2
for all a ∈M .
In view of (10), this ensures that
(11) ‖ (Pε0T − T ) a‖(B0,B1)θ,p <
ε
2
for all a ∈M .
Sine Pε0T (M) is relatively ompat and thus totally bounded in (B0, B1)θ,p,
the inlusion Pε0T (M) ⊂
n⋃
i=1
B
(
xi,
ε
2
)
holds for some nite subset {xi}
n
i=1 of
(B0, B1)θ,p. (Here of ourse B(x, r) denotes the open ball in (B0, B1)θ,p of ra-
dius r entred at x.) This, together with the inlusion T (M) ⊂ (T − Pε0T ) (M) +
Pε0T (M) and (11), gives us that T (M) ⊂
n⋃
i=1
B (xi, ε) and ompletes the proof.

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